We investigate equivariant and invariant topological complexity of spheres endowed with smooth non-free actions of cyclic groups of prime order. We prove that semilinear Z/ p -spheres have both invariants either 2 or 3 and calculate exact values in all but two cases for linear actions. On the other hand, we exhibit examples which show that these invariants can be arbitrarily high in the class of smooth Z/ p -spheres.
Introduction
Consider the space X of all possible configurations of a mechanical system. The motion planning problem is to describe a continuous algorithm ("motion planner") which, given a pair (x, y) ∈ X × X, outputs a continuous path in X between x and y. In order to measure discontinuity of the process of motion planning, Farber [Far03] introduced the notion of topological complexity of X in the following manner. An open subset U ⊆ X × X is a domain of continuity if a motion planner exists over U ; topological complexity of X is the minimal number of domains of continuity whose union covers X × X. (See Section 2.1 for a more verbose definition.) Due to its applications in topological robotics -its knowledge is of practical use when designing optimal motion planners -and close relation to Lusternik-Schnirelmann category, topological complexity has attracted plenty of attention in recent years.
Thus it is perhaps natural that there appeared versions of topological complexity aimed at exploiting the presence of a group action: "equivariant topological complexity" (T C G ) and "invariant topological complexity" (T C G ). The former was defined by Colman and Grant [CG12] , the latter by Lubawski and Marzantowicz [LM14] . The founding ideas of these two invariants are quite different. Roughly speaking, T C G records the minimal number of domains of continuity which preserve symmetries, while T C G tries to take advantage of symmetries to ease the effort of motion planning. It seems that both have their strengths and quirks. (See Sections 2.2 and 2.3 for more details.)
The aim of this paper is to investigate equivariant and invariant topological complexity of spheres endowed with linear, and then general smooth Z/ p -actions (p is any prime). We prove that if the fixed point set of a smooth Z/ p -action on S n is homeomorphic to S k , 0 < k n, then, subject to a minor technical assumption if k = n − 2, both invariants are equal to either 2 or 3 (Proposition 4.1). This happens, in particular, whenever the action is linear. In that case we calculate exact values of T C Z/p and T C Z/p , with two exceptions for the latter invariant (Theorems 3.5 and 3.6, respectively).
On the other hand, given any n 3, we construct a smooth Z/ p -sphere S n+2 with the fixed point set an essential homology n-sphere, thus showing that T C Z/p and T C Z/p can be arbitrarily large in the class of smooth Z/ p -spheres with non-empty fixed point sets (Proposition 4.5).
The paper is organized as follows. Section 2 is devoted to preliminaries. We review definitions of topological complexity and its equivariant counterparts, and compare some of the relevant properties of T C G and T C G . In particular, we provide a lower bound for T C G in terms of Lusternik-Schnirelmann G-category, a result that was previously known for T C G . In Section 3 we take a closer look at behaviour of T C G and T C G on spheres with linear actions of any finite group G, and then specialize to the case G = Z/ p . In Section 4 we explore both invariants in the realm of general smooth Z/ p -actions on spheres. We also hint at possible further direction of research. In the appendix we briefly discuss the existence of nowhere-vanishing equivariant vector fields -this is indispensable for our proof of Theorem 3.5.
Notation. We use the non-reduced version of Lusternik-Schnirelmann category ("LS category"), topological complexity, and their equivariant counterparts, so that, for example, cat(S n ) = 2.
Preliminaries
Throughout this section G stands for a compact Hausdorff topological group.
Topological complexity
Let P X be the space of all (continuous) paths in a topological space X, equipped with the compact-open topology. Write π : P X → X × X for the path fibration π(γ) = γ(0), γ(1) for γ ∈ P X, associating to any path γ ∈ P X its initial and terminal points. A motion planner on an open subset U ⊆ X × X is defined to be a local section of π, i.e. a map s :
Topological complexity of X, denoted T C(X), is the least integer k 1 such that there exists an open cover of X × X by k sets which admit motion planners. Clearly, a necessary condition for T C(X) to be finite is path-connectedness of X.
Topological complexity is well-known to be invariant under homotopy equivalences. It is straightforward to see that a "global" motion planner on X exists if and only if X is contractible or, in other words, T C(X) = 1 if and only if X is contractible. Furthermore, Grant, Lupton and Oprea proved: Example 2.2 [Far03, Theorem 8] . Recall that topological complexity of the sphere S n , n 1, is given by:
We conclude this section by recalling that topological complexity is closely related to LS category. In fact, for any path-connected and paracompact space X, we have:
2.2 Equivariant topological complexity T C G Given a G-space X, we will view P X and X × X as G-spaces via the formulas:
(gγ)(−) = g γ(−) for g ∈ G and γ ∈ P X, and g(x, y) = (gx, gy) for g ∈ G, x ∈ X and y ∈ Y , respectively. The path fibration π : P X → X × X is then a G-fibration.
Equivariant topological complexity of X, written T C G (X), is the least integer k 1 such that there exists an open G-invariant cover of X × X by k sets which admit G-equivariant motion planners (i.e. motion planners which are G-equivariant maps).
Given a closed subgroup H ⊆ G, let X H = {x ∈ X | hx = x for any h ∈ H} be the H-fixed point set of X. We record that:
In particular, T C(X) T C G (X).
This shows that in order for T C G (X) to be finite, we at least need to assume that X is a G-connected space, i.e. its H-fixed point sets are path-connected for all closed subgroups H ⊆ G. Equivariant topological complexity is invariant under equivariant homotopy equivalences. It also relates to Lusternik-Schnirelmann G-category of X, cat G (X), in the same way that topological complexity relates to LS category, at least when X is a G-connected space with a non-empty fixed point set X G . (Recall that cat G (X) is defined as follows. A G-invariant subset U ⊆ X is said to be G-categorical if the inclusion U ֒→ X is G-homotopic to a map with values in a single orbit; then cat G (X) is the least integer k 1 such that there exists an open cover of X by k sets that are G-categorical. In particular, cat G (X) = 1 if and only if X is G-contractible.) More precisely, we have:
Invariant topological complexity
Clearly, both P X × X/G P X and X × X are (G × G)-spaces with respect to the actions:
where the G-action on each copy of P X is the one given in the previous section, and (g 1 , g 2 )(x, y) = (g 1 x, g 2 y) for g 1 , g 2 ∈ G and x, y ∈ X.
Then the map π G : P X × X/G P X → X × X given by
Note that the s i 's are not motion planners in the sense of (non-equivariant) topological complexity.
Another, equivalent, approach to T C G is as follows. Let A ⊆ X be a closed G-invariant subset.
Recall that an open G-invariant subspace U ⊆ X is said to be G-compressible into A if the inclusion U ֒→ X is G-homotopic to a G-equivariant map c : U → X such that c(U ) ⊆ A. Then T C G can be expressed as the least integer k 1 such that there exists an open cover of X × X by k sets that are (G × G)-compressible into (X) = (G × G)∆(X), where ∆(X) stands for the diagonal of X × X. (Descriptions in these terms also exist for T C and T C G , but we will not make use of them.)
Just as equivariant topological complexity, invariant topological complexity is invariant under equivariant homotopy equivalences. Furthermore:
As far as relationship between invariant topological complexity and Lusternik-Schnirelmann G-category is concerned, Lubawski and Marzantowicz proved:
It turns out, however, that T C G (X) is also bounded from below by cat G (X) under the above assumptions. In fact, we have:
Here {⋆} cat G (X) stands for the least integer k 1 such that there exists an open cover of X by k sets that are G-compressible into {⋆}.
Choose a fixed point ⋆ ∈ X G and define
It is easy to see that V i 's form a G-invariant open cover of X. We claim that those of V i 's which are non-empty are also G-compressible into {⋆}. To see this, note that
so that gδ = δ for any g ∈ G, which means that δ is a path in X G . In particular, since Gγ(1) = Gδ(0), we have γ(1) = δ(0). It is now clear that
Corollary 2.8. Let X be a G-space with X G = ∅. Then X is G-contractible if and only if T C G (X) = 1.
Proof. (⇒) Suppose that X is G-contractible, so that there exists a G-homotopy H : X × [0, 1] → X such that H(−, 0) is the identity map on X and H(−, 1) = c is a map with values in a single orbit, say Gx 0 .
H (x, y), t = H(x, t), H(y, t) for x, y ∈ X and t ∈ [0, 1].
Clearly,H is a (G × G)-equivariant map,H(−, 0) is the identity on X × X, and
This is a straightforward consequence of Proposition 2.7. Indeed, if T C G (X) = 1, then cat G (X) = 1, which exactly means that X is G-contractible.
Remark 2.9. Note that we do not need to know that the fixed point set is non-empty in order for the "(⇒)" implication to work. In other words, G-contractibility of X always implies T C G (X) = 1, even for a disconnected X. Equivariant topological complexity does not have an analogous property: it can be arbitrarily high for G-contractible spaces, see [CG12, Theorem 5.11 ].
We conclude this section with a simple example which simultaneously shows that:
(1) A space X needs not be G-connected in order for T C G (X) to be finite.
(2) Invariant topological complexity does not have a property analogous to the one stated in Proposition 2.3.
Example 2.10. Let G = Z/ 2 ⊕ Z/ 2 = a, b . Consider X = S 1 − {N, S} equipped with the G-action given by:
Clearly, X is G-contractible, hence T C G (X) = 1. On the other hand, since X b is disconnected, T C X b = ∞.
Linear spheres
Recall that the fixed point set of a linear action on S n is a standard unknotted sphere, i.e. the intersection of a linear subspace of R n+1 with S n . Consequently, if the fixed point set is non-empty, there are at least two fixed points.
Arbitrary finite groups
Throughout this section G is a finite group.
Proposition 3.1. Suppose that a finite group G acts linearly on a sphere S n with (S n ) G = ∅.
Proof. Assume without loss of generality that the last coordinate of S n is left fixed by the action; in particular, (0, . . . , 0, ±1) are fixed points.
As G-contractibility of a G-space with a non-empty fixed point set implies its contractibility, S n is not G-contractible, hence cat G (S n ) > 1.
Write S n + for a "collared" northern hemisphere, i.e.
Define S n − similarly. We claim that both of these sets are G-categorical. Indeed, we can define
Clearly, H ± is a homotopy between the inclusion S n ± ֒→ S n and the pole (0, . . . , 0, ±1). Since the action is linear and leaves the last coordinate fixed, H ± is a G-equivariant map. This conludes the proof.
In view of Proposition 2.4 (for T C G ) and Propositions 2.6, 2.7 (for T C G ), Proposition 3.1 implies:
Further properties of (invariant) topological complexity yield:
Corollary 3.3. Let S n be a linear G-connected sphere with (S n ) G = S k , where 0 < k < n. Suppose that either:
(ii) the orbit space S n /G is neither contractible nor homotopy equivalent to an odd-dimensional sphere.
Then T C G (S n ) = 3.
Proof. As Theorem 2.1 tells, the only spaces with topological complexity 2 are odd-dimensional homotopy spheres. Therefore if either (i) or (ii) holds, T C G (S n ) is at least 3 by Proposition 2.5, and then 3 by Theorem 3.2.
Cyclic groups
We now specialize to the case G = Z/ p , where p is a prime number. Note that in this case G-connectedness amounts to path-connectedness of the fixed point set.
Proposition 3.4. Let S n be a linear Z/ p -sphere such that (S n ) Z/p = ∅. Then T C Z/p (S n ) = 2 if and only if both S n and (S n ) Z/p are odd-dimensional spheres.
and both S n and (S n ) Z/p are odd-dimensional spheres by Theorem 2.1. (⇐) Consider Farber's two-fold cover U 1 , U 2 of S n × S n , i.e.
Clearly, both these sets are Z/ p -invariant. We claim that taking the usual motion planners s i : U i → P S n , i = 1, 2, will suffice, with the obvious minor alteration of using a nowherevanishing equivariant vector field for U 2 . (That such a vector field exists follows from Corollary A.2.) Let us briefly explain.
Recall that s 1 (x, y) is defined to be the unique shortest arc between x and y passed with constant velocity. In order to conclude that s 1 is equivariant, it is enough to show that gs 1 (x, y) is the shortest path between gx and gy for any g ∈ Z/ p . But the action is linear, hence any g ∈ Z/ p is an orthogonal transformation and the length ℓ of gs 1 (x, y) is the same as that of s 1 (x, y). Therefore:
which is what we wanted. The motion planner s 2 is constructed in two steps. Given (x, y) ∈ U 2 , firstly pass through the unique shortest arc between x and −y with constant velocity (it follows from the previous paragraph that this step is equivariant), and then move along the spherical arc
defined by a nowhere-vanishing equivariant vector field v. Now, Propositions 2.3 and 3.4 yield:
We now turn attention to invariant topological complexity.
Theorem 3.6. Let S n be a linear Z/ p -sphere with (S n ) Z/p = S k , 0 < k < n. Suppose that either:
Remark 3.7. The case k = n − 1 for the involution given by reflection of the last coordinate was treated by Lubawski and Marzantowicz in [LM14, Example 4.2] . Unfortunately, the argument therein is invalid. Let us explain where the problem lies.
Let g ∈ Z/ 2 be the generator. The authors define a (Z/ 2 × Z/ 2 )-motion planner s 1 on the set U 1 = (x, y) ∈ S n × S n x = −y if both x, y are fixed points as follows. Write s ′ (x, y) for the unique shortest arc in the northern hemisphere that connects either x or gx with either y or gy; suppose that the arc is between the points αx and βy, where α, β ∈ Z/ 2 . Note, however, that if either x or y is a fixed point, say y for clarity, then the arc from αx to y is the same as the arc from αx to gy. In other words, even though s ′ (x, y) is welldefined, we have two choices for β: it does not really matter which element β is. Therefore setting
,1]
does not produce a well-defined map.
Proof. If 0 < k < n − 2, then the orbit space S n Z/ p has at least three non-zero homology groups with Z/ p -coefficients (consult e.g. [Kaw91, Theorem 5.64]). As such it is not a homotopy sphere and the conclusion follows from Corollary 3.3. For the other two cases Corollary 3.3 applies straightforwardly.
The two cases omitted in Theorem 3.6 (actions with codimension-two fixed point sets on odddimensional spheres, and with codimension-one fixed point sets on even-dimensional spheres) are at present unsettled.
Smooth Z/ p -spheres
Results of this section are stated in terms of T C Z/p , but everything carries over verbatim to the case of T C Z/p .
Recall that a smooth Z/ p -sphere S n is said to be semilinear whenever:
(1) the fixed point set (S n ) Z/p is homeomorphic to a standard sphere,
Since semilinear spheres are known to be equivariantly homotopy equivalent to linear Z/ p -spheres (see [Sch84, Proposition 5 .1]), we have:
Remark 4.2. The equivariant homotopy equivalence in question can often be improved to equivariant topological equivalence. For example, if (S n ) Z/p = S k is a standard unknotted sphere of codimension greater than [n/2], then the action on S n is (at least) topologically conjugate to a linear action.
Indeed, let x ∈ S k and write T x S n ∼ = R k ⊕ D(ρ), where ρ : Z/ p → SO(n − k) is a free representation. Since dim R ρ > k, the normal bundle ν(S k , S n ) is in stable range, thus is already trivial. Therefore there exists an invariant tubular neighbourhood of the fixed point set X = S k × D(ρ). Decompose S n as X ∪ ∂ Y . Note that the n-sphere in (k+1)1 Z/p ⊕ρ admits a similar decomposition:
By Alexander duality, Y has the same homology as D k+1 ×S(ρ). The inclusion map S k ×S(ρ) ֒→ Y extends to a Z/ p -map D k+1 × S(ρ) → Y (to see this, extend over a single cell from a Z/ p -CWdecomposition, then propagate by a free Z/ p -action), which in turn can be approximated by a Z/ p -embedding f by a general position argument. Comparing the Mayer-Vietoris sequences of both decompositions shows that f is a homotopy equivalence. Now find a sequence of free Z/ p -surgeries rel ∂ between D k+1 × S(ρ) and Y . This yields an equivariant h-cobordism W of free manifolds; the diffeomorphism between them can be chosen to be Z/ p -equivariant if and only if its Whitehead torsion w W ∈ W h(Z/ p ) vanishes.
This fits into a broader picture; consult [AB85] for more details on classification of actions with fixed point sets of high codimension.
On the other hand, a general smooth Z/ p -sphere will typically have T C Z/p at least 4. Consider the following construction (cf. [Hsi64] ).
Example 4.3. Let n 3. Consider a smooth homology n-sphere Σ that bounds a smooth contractible (n+1)-manifold, say M , and is not a standard sphere. (Such manifolds are well-known to exist. Three-dimensional examples can be found among Brieskorn varieties, see for example [CH81] ; for higher dimensions, consult [Ker69, Theorem 3].) Take any non-trivial representation χ : Z/ p → U (1), where p is an odd prime, and endow the product N = M × D(χ) with the diagonal action by setting g(x, y) = (x, gy) for any g ∈ Z/ p , x ∈ M and y ∈ D(χ).
Since dim N 6 and N is contractible, the h-cobordism theorem asserts that N is diffeomorphic to D n+3 . Therefore restricting the action to the boundary yields a smooth Z/ p -sphere S n+2 with Σ as the fixed point set.
The fundamental group of Σ is clearly neither trivial nor free, therefore cat(Σ) 4 by [DKR08, Corollary 1.2], and consequently
Remark 4.4. The fixed point set of the above action is of codimension two. This is not crucial: altering the construction by taking direct sums of χ allows for a fixed point set of any even codimension. On the other hand, it is easy to see that odd-codimension fixed point sets cannot arise at all: the normal bundle is almost complex (hence even-dimensional) when p is odd.
In fact, T C Z/p can be arbitrarily high in the class of smooth Z/ p -spheres with non-empty fixed point sets. More precisely, we have:
Proposition 4.5. Let p > 2 be a prime. For any n 5 there exists a smooth Z/ p -sphere S n with (S n ) Z/p = ∅ such that T C Z/p (S n ) n − 1.
Proof. In view of [BDM83, Corollary B1] , there exists a finitely presented group G n such that H * (BG n ) ∼ = H * (S n ) for any n 5. Observe that each G n is a superperfect group. Applying Quillen's plus construction to BG n yields an (n − 1)-connected space BG + n , so the Hurewicz homomorphism π n (BG + n ) → H n (BG + n ) is an isomorphism. Therefore, by [Hau78, Section 6], every cycle in H n (BG n ) can be represented by a smooth homology sphere Σ with π 1 (Σ) ∼ = G n ; a fortiori there exists a smooth homology n-sphere Σ with π 1 (Σ) ∼ = G n and a map f : Σ → BG n such that f * [Σ] = 0 in H n (BG n ). This means that Σ is an n-essential manifold, and n-essential n-manifolds are known to be of LS category n+1 ([KR06, Theorem 4.1]). Furthermore, by [Ker69, Theorem 3], there exists a (unique) homotopy n-sphere Σ h such that the connected sum Σ#Σ h bounds a smooth contractible manifold. In order to conclude the proof carry out the construction outlined in Example 4.3 starting from Σ#Σ h .
Let us conclude with the following problem.
Is it true that if S n is a smooth Z/ p -sphere with non-empty and path-connected fixed point set, then S n is equivariantly equivalent to a linear Z/ p -sphere if and only if 2 T C Z/p (S n ) 3?
Of course the question is whether the "(⇐)" implication holds true. By Smith Theory, the fixed point set (S n ) Z/p is a mod p homology sphere, so in order to justify the statement in question it would suffice to prove that topological complexity of any mod p homology sphere is at least 4. However, there exist simply-connected mod p homology spheres of LS category 3. At present we do not know how to attain the required bound (or whether it is possible at all) for such spaces.
